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RESULTS OF ITEM PARAMETER ESTIMATION
USING LOGIST 5 ON SIMULATION DATA

ABSTRACT J
In order to evaluate our methods and approaches of estimating

the operating characteristics of discrete item responses, it is

necessary to try other comparable methods on similar sets of data.

LOGIST 5 was taken up for this reason, and was tried upon the hypo-

thetical test items, which follow the normal ogive model and were

used frequently in testing our own methods and approaches. Two

sets of simulated data we used are based upon 500 and 2,000 hypo-

thetical examinees, respectively. It was found out that LOGIST 5

provides us with good parameter estimates under certain conditions,

in preference to certain other conditions.
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I. Introduction

Three-parameter logistic model (Birnbaum, 1968) has widely been

- used for the multiple-choice test item in mental measurement among

psychometricians and other researchers. Let 0 be the latent trait,

or ability, and P (0) be the item characteristic function of the
g

multiple-choice test item g , or the conditional probability with

which the examinee answers item g correctly, given ability 6 . In

the three-parameter logistic model, this item characteristic function

is given by

(1.1) P Ce() c cg + (1-c ) 9i (a)

where Ty (8) is the item characteristic function in the (two-
g

4. parameter) logistic model, for which we can write

-1(1.2) T1' (e) - [1 + exp{-Da 9(G-b )}M

with a C>0 0) and b 9as the item discrimination and difficulty

parameters, and D as the scaling factor which is usually set equal

to 1.7 , respectively. The third parameter, cg, in (1.1) is the

guessing parameter, which is originally defined as unity divided by

.4 the number of alternative answers presented with the multiple-choice

test item g

The model was originated from the assumption that the examinee

either knows the answer to the question, or guesses randomly. Thus

!ai



Pg9(e) ,or the operating characteristic of the binary item score

Ug - 1 ,given e , is greater than Ty (e) , which represents the
-. g

conditional probability for the "knowledge." The discrepancy between

the two functions is also a function of e , i.e., [1 - T90()]

divided by the number of alternatives.

Lord started calling this third parameter, c , pseudo-
"S g

guessing parameter, after he had discovered that for many multiple-

choice test items, when the three-parameter logistic model was

adopted, the estimated c substantially differs from unity
g

divided by the number of alternatives (Lord, 1968). It appears that

this fact itself is enough evidence to invalidate the three-parameter

logistic model with respect to those specific test items. The model

has been continued to be used by many researchers, however, for almost

any types of multiple-choice test items. They claim that, although

they are aware of the fact that the philosophy behind the model is

invalid, there should not be any harm as long as the curve is used as

an approximation to the true item characteristic function.

The author does not agree with this conviction. Nor does she

consider it harmless to use this third parameter, cg when its

original meaning has been rejected. The issue must be pursued

theoretically and empirically before this model is used as an

"1approximation" to the true item characteristic function.

It has been pointed out (Samejima, 1977) that, unlike the

normal ogive and the logistic models, three-parameter logistic model

does not satisfy the unique maximum condition (Samejima, 1969, 1972),



3 which indicates that for some response patterns the likelihood

function YO() , i.e., the operating characteristic of the

- response pattern, *V , may not have a unique maximum. This fact

implies that the third parameter, cg9 can be a real nuisance.

In the present paper, the issue is pursued from another angle.

Suppose that our multiple-choice test items actually follow the normal

ogive model whose item characteristic functions are given by

(1.3) ~~ (0-b-1/ 9 exp(-t 2 /2) dt

where ag9 (> 0) and b 9are the item discrimination and the item

Udifficulty parameters, respectively. It is well known (Birnbaum,

*1968) that the logistic model, whose item characteristic function is

given by (1.2), is a good approximation to the normal ogive model when

the same set of item parameters are used and the scaling factor D is

set equal to 1.7 . Our question in the present study is: if we

- - assume the three-parameter logistic model for these test items,

q instead of the normal ogive or logistic model, and estimate the three

item parameters simultaneously using an appropriate -method, shall we

- ~ obtain the estimate of c which is close enough to the true value,
g

zero, and the estimates of a 9and b 9which are close enough

-to their true values? Or will this additional parameter cg9

contaminate the result so that we will be provided with a

substantially different set of estimated item parameters?

:LAS
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Data adopted in the present research are simulated data, which

will be described in detail in Section 2. They are produced by the

Monte Carlo method using hypothetical test items following the normal

ogive model with specified sets of parameters. In estimating the

three item parameters assuming the three-parameter logistic model,

Logist 5 was used for those data based upon the hypothetical test

items. Logist 5 is a computer program developed by Lord and others

(Wingersky, Barton and Lord, 1982) for the purpose of estimating the

item discrimination parameter a , the item difficulty parameter b

and the guessing parameter c of each test item g (-1,2,...,n)
g

following the three-parameter logistic model, as well as the

individual ability parameter es of each examinee s (-1,2,...,N)

The method is based upon the maximum likelihood estimation, with the

. likelihood function,

•N n Ugs  s)}lugs
(1.4) L(UIO,A,B,C)- H i P g(e s) {1-P e( ) ugs

A. - g-

where ug s  is a binary item score of the examinee s for item g ,

U is an (nxN) matrix of the binary item scores ugs , 0 is the

vector of order N of the individual parameter es , A , B and C

are the vectors of order n of the item parameters a , b and& g

c , respectively. Those (3n+N) parameters are estimated iteratively
g

through the four sets of likelihood equations, with devices to make

their convergence speedy.

The resultant estimated item parameters and individual

.-:: .- -/.--,-,-. , .. -.. , . -.... .'.-/.-.-.-...,.,......-..--.................-.-. .................-.... ,....-.-.........,.-.,..-.......
I ".'- '-.- .. , '.,-!""--•'-'..'.....................................................-....,......,...,,.-,,..,..,,........,.. ' ' ' , ' - '' ' ' ' m,' ', '
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parameters will be presented in later sections, and the estimated item

characteristic functions will be compared with the true item

I characteristic functions, which follow the normal ogive model. Some

* theoretical observations will be made, which will explain certain

features of our results.

II. Simulated Data

There are basically two sets of hypothetical test items, all of

which follow the normal ogive model. The first set consists of ten

binary test items, which were used as "unknown" test items in the

author's previous research on the nonparametric approach to the

3 operating characteristic estimation (Saniejima, Final Report, 1981).

*The item discrimination and difficulty parameters, ag and b ,in
9 g

(1.3) for each of these ten items are shown in Table 2-1. The second

test consists of thirty-five binary test items, and their

discrimination and difficulty parameters are shown in the two middle

columns of Table 2-2. These values were also used as the

discrimination parameters and the first set of difficulty parameters

of the "Old Test" items having three item score categories each in the

previous research. Thus we have forty-five binary test items in

total. For brevity, hereafter, we shall call these two sets of

hypothetical binary test items Ten Item Test and Thirty-Five Item

Test, respectively.

Five hundred examinees whose ability distributes uniformly7

*within the interval of a (-2.5, 2.5) ,were hypothesized, as we did
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TABLE 2-1

Item Discrimination Parameter ag

and Item Difficulty Parameter bg

of Each of the Ten "Unknown" Test
Items, Following the Normal

Ogive Model.

Item g ag b

1 1.5 -2.5
2 1.0 -2.0

3 2.5 -1.5
4 1.0 -1.0
5 1.5 -0.5
6 1.0 0.0
7 2.0 0.5
8 1.0 1.0 ,
9 2.0 1.5

10 1.0 2.0,

a.t
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TABLE 2-2

Item Discrimination Parameter ag And

Two Item Difficulty Parameters bxg

(Xg = 1,2) of Each of the Thirty-Five
Old Test Items, Following the Normal

Ogive Model.

Item g ag bI  b2

1 1.8 -4.75 -3.75
2 1.9 -4.50 -3.50
3 2.0 -4.25 -3.25
4 1.5 -4.00 -3.00
5 1.6 -3.75 -2.75
6 1.4 -3.50 -2.50
7 1.9 -3.00 -2.00
8 1.8 -3.00 -2.00
9 1.6 -2.75 -1.75
10 2.0 -2.50 -1.50
11 1.5 -2.25 -1.25
12 1.7 -2.00 -1.00
13 1.5 -1.75 -0.75
14 1.4 -1.50 -0.50
15 2.0 -1.25 -0.25
16 1.6 -1.00 0.00
17 1.8 -0.75 0.25
18 1.7 -0.50 0.50
19 1.9 -0.25 0.75
20 1.7 0.00 1.00
21 1.5 0.25 1.25
22 1.8 0.50 1.50
23 1.4 0.75 1.75
24 1.9 1.00 2.00
25 2.0 1.25 2.25
26 1.6 1.50 2.50
27 1.7 1.75 2.75
28 1.4 2.00 3.00
29 1.9 2.25 3.25
30 1.6 2.50 3.50
31 1.5 2.75 3.75
32 1.7 3.00 4.00
33 1.8 3.25 4.25
34 2.0 3.50 4.50
35 1.4 3.75 4.75
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~. ~'in the previous research. Actually, there are one hundred discrete

points of e ranging from -2.475 to 2.475 with the equal step of

0.05 0 , and five hypothetical subjects are placed at each ability level.

The response pattern for each of these five hundred hypothetical

subjects was already produced in the previous research with respect to

the ten "unknown" test items as well as to the thirty-five "Old Test"

items of three item score categories each. En the present research,

the binary item scores for the ten "unknown" test items were used as

they are, buit the thirty-five graded item scores for the "Old Test"

items were reduced to the binary scores by using the first set of

difficulty parameters as the sole boundaries. In order to investigate

the effect of the number of test Items on the resultant estimated

parameters obtained by Logist 5, we used: 1) the first ten items,

2) the second thirty-five items, and 3) the forty-five items combining

these two sets of items, separately.

As an additional observation, we wished to increase the number

of items in the total set of binary items for which Logist 5 was to be

applied. Thus another set of thirty-five binary test items was added

more or less artificially, by using the same thirty-five

% discrimination parameters and the second set of difficulty parameters

of the "Old Test," which is given in the last column of Table 2-2.

The part of the response pattern of these thirty-five binary test

items was created for each examinee by reducing his original response

pattern of the "Old Test" items of graded scores, as we did for the

previous subset of thirty-five binary item scores. In this way, each

* 1 -.-6-~. . . .

v .~



-9-

U
examinee has a response paltern of eighty binary item scores in total.

The second and the third subsets of thirty-five binary test item

scores in this largest response pattern were created from the same

response pattern of the "Old Test" items of graded scores, however.

These additional thirty-five items were solely used for the purpose of

increasing the number of binary test items in using Logist 5 upon

which the item parameters of the above forty-five test items were

estimated. Thus in addition to the three cases described earlier, we

_: have: 4) the eighty items adding those "artificial" thirty-five items

* to the forty-five items. Hereafter, we shall call these four

different situations Cases 1, 2, 3, and 4, respectively.

a For the purpose of investigating the effect of the number of

examinees on the resultant estimated parameters obtained by Logist 5,

an additional group of one thousand five hundred examinees were

5 further hypothesized, to provide us with a larger group of

two thousand examinees, whose ability follows the same uniform

distribution. Thus in this larger group twenty examinees are placed

at each of the one hundred equally spaced discrete ability levels,

which were described earlier. The response pattern of the forty-five

binary test item scores and the additional lthirty-filve "artificial"

binary test item scores was produced in exactly the same way for each

of these additional one thousand five hundred hypothetical

examinees, as it was produced for each of the five hundred subjects.

For brevity, hereafter, we shall call these two situations 500 Subject

Case and 2,000 Subject Case, respectively, depending upon the number

iN
i ,. "'.:"" ," "" , 5 "" "" " si " ".'' ,' ''V ., -"'.'.'.:- ;€ ': t ', , '" '' '' ;" " ' ?; ;,'.. ,. .,.- -,' ., .,,V .P .,a-.:-" . il ':'",' , ,, . . ' "
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of hypothetical examinees included in the sample.

Figure 2-1 presents the square root of the test information

function, I(e) , of each of the four sets of test items, i.e., those

in Cases 1, 2, 3 and 4. This function is given as the square root of

I(8) , for which we can write

n
-r (2.1) I(e) =E I (0)

g-1 g

where I (e) is the item information function in the normal ogive

model, for which we have

(2.2) I(6) = [ (( e) 11-0g(0)} 1
g Do C {

where 0 () is the item characteristic function in the normal ogive

model given by (1.3). We can see in Figure 2-1 that the amount of

information provided by the Ten Item Test is substantially smaller

than the others, especially outside of the interval of e ,

(-2.0, 1.5) . This fact is naturally expected to affect the accuracy

., of estimation of the individual parameters of the examinees as well as

that of the item parameters when Ten Item Test is used.

III. Scale Adjustment

In the results of Logist 5, the origin and the unit of the

ability scale is adjusted to the mean and the standard deviation of

the sample distribution of the estimated individual ability parameters
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5.0

4.0

2.0
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LATENT TRAIT e
FIGURE 2-1

Square Roots of Test Information Function of the Ten Item Test (Dotted Line),
of the Thirty-Five Item Test (Short Dashed Line), of the Forty-Five Item Test

(Long Dashed Line) and of the Eighty Item Test (Solid Line).
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of the examinees, which did not exceed 3.0 in absolute values af ter

the last iteration. This implies that, if we use different sets of

binary test items, because of the error of estimation the resultant

ability scales will be slightly different from each other, even though

the group of hypothetical examinees is fixed. It further implies

-r that, if we use different examinee groups for the same set of binary

items in using Logist 5, the resultant ability scales will also be

affected. As long as we know the true item parameters, as we do in

the present research, it is possible to pursue the bivariate

distribution of the maximum likelihood estimate, ,and 6 sitself,

and we can adjust each scale accordingly. There is no simple,

*straightforward functional relationship between 6 sand 6

IC- however. In Logist 5, moreover, 0. is treated as if it were 0s

itself in estimating the item parameters in the three parameter

logistic model, and there is no simple way to adjust this bias. For

this reason, it will be more appropriate to compare the result of

estimation directly with the theoretical item characteristic function

without making any scale adjustment, knowing that any discrepancies

may be due to those scale differences.

The theoretical item and individual .parameters were transformed

in order to make them comparable to the estimated parameters obtained by

Logist 5. In so doing, a linear transformation of the ability scale

was performed by using the mean and the standard deviation of the

uniform distribution of e as the origin and the unit of the new

scale. We can write for the expectation and the variance of any
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uniform distribution

(3.1) E(B) - J(O-) Bde - (a+B)/2

and

(3.2) Var.(O) - - 02 d - [E(e)]2 -(-a) 2 /l2

where 1 and 8 are the lower and upper endpoints of the interval of

B for which the distribution is uniform. In order to adjust the

origin and the unit of the scale of 8 to the mean and the standard

deviation of the distribution, therefore, we must shift the origin of

6 to the midpoint of the interval, (a,$) , and multiply the unit of

8 by (0-ci)/(2ri) . Since both of our two examinee groups have the

same uniform distribution with a - -2.5 and B - 2.5 , respectively,

the midpoint of the interval equals zero, and the standard deviation

of the distribution is 5/(2/3) , which is approximately equal to

1.443375673 . Thus the resultant new scale of 0 should have the

*same origin as before, and its unit should be approximately 1.4434

times larger than the original unit.

This transformation of the scale of e accompanies that of the

true individual ability parameters of our hypothetical examinees. On

the new scale of 6 they are placed at one hundred equally spaced

ability levels starting from approximately -1.714730299 and ending

with 1.714730299 , with the equal step of approximately 0.034641016



The theoretical uniform distribution on the new scale of e has the

interval, (-r3, /3) , which is approximately equal to

(-1.732050808, 1.732050808) , for which the uniform density is

(2v)- ,or approximately 0.288675134 . The maximum likelihood

estimate, 6 , of the individual parameter obtained upon the true

item characteristic functions was also transformed, accordingly, and

so were the item discrimination parameter a 9and the item difficulty

parameter b 9for each item g , i.e., the original value of the

former was multiplied by 51(2r3) and that of the latter was divided

by the same value. These results are shown as Tables 3-1 and 3-2 f or

the ten items and the two sets of thirty-f ive items, respectively.

The transformation of 6 also affects the values of the square root

of the test information function of each hypothetical test. Since it

is a linear transformation, however, the shape of each curve in Figure

2-1 is still preserved. The new scale values of 0 and the resultant

values of the square root of the test information function are

indicated in parentheses in Figure 2-1, which was presented in the

preceding section.

IV. Estimated Item Parameters

Table 4-1 presents the estimated item parameters in Case 1

obtained by Logist 5, in both 500 and 2,000 Subject Cases, together

with the corresponding theoretical item parameters following the

-: normal ogive model, f or each item of the Ten Item Test. In using

Logist 5, the upper limit of the estimated a was set equal to

g

.-.. Ja,- .' . - . . 4 .. -. . . .. 2 %
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m

TABLE 3-1

Transformed Item Discrimination
Parameter ag and Item

Difficulty Parameter bg

of Each Item of the Ten
Item Test

Item g ag bg

1 2.16506 -1.73205
2 1.44338 -1.38564
3 3.60844 -1.03923
4 1.44338 -0.69282
5 2.16506 -0.34641
6 1.44338 0.00000
7 2.88675 0.34641
8 1.44338 0.69282
9 2.88675 1.03923

10 1.44338 1.38564

L -"

o%
S. - , . .. . . . . . . . . . . . . . . . . .

. .. . . . . . . . . . .



TABLE 3-2

Transformed Common Item Discrimination Parameter
ag And Item Difficulty Parameter bg of Each

Item of the Thirty-Five Item Test (Third Column)
And of the Additional Set of Thirty-Five Items

(Fourth Column).

Item g agb

1 2.59808 -3.29090 -2.59808
2 2.74241 -3.11769 -2.42487
3 2.88675 -2.94449 -2.25167
4 2.16506 -2.77128 -2.07846
5 2.30940 -2.59808 -1.90526
6 2.02073 -2.42487 -1.73205
7 2.74241 -2.07846 -1.38564
8 2.59808 -2.07846 -1.38564
9 2.30940 -1.90526 -1.21244
10 2.88675 -1.73205 -1.03923
11 2.16506 -1.55885 -0.86603
12 2.45374 -1.38564 -0.69282
13 2.16506 -1.21244 -0.51962
14 2.02073 -1.03923 -0.34641
15 2.88675 -0.86603 -0.17321 '
16 2.30940 -0.69282 0.00000
17 2.59808 -0.51962 0.17321
18 2.45374 -0.34641 0.34641

. .19 2.74241 -0.17321 0.51962
20 2.45374 0.00000 0.69282
21 2.16506 0.17321 0.86603
22 2.59808 0.34641 1.03923
23 2.02073 0.51962 1.21244
24 2.74241 0.69282 1.38564
25 2.88675 0.86603 1.55885
26 2.30940 1.03923 1.73205

27 2.45374 1.21244 1.90526
28 2.02073 1.38564 2.07846
29 2.74241 1.55885 2.25167
30 2.30940 1.73205 2.42487
31 2.16506 1.90526 2.59808
32 2.45374 2.07846 2.77128
33 2.59808 2.25167 2.94449
34 2.88675 2.42487 3.11769

35 2.02073 2.59808 3.29090

J



TABLE 4-1

Theoretical and Estimated Item Parameters in the 500 and 2,000 Subject Cases for Each
Item of the Ten Item Test. Three-Parameter Logistic Model Is Assumed. Case 1.

Guessing
Discrimination Parameter Difficulty Parameter Parameter

.'%.

"i Item Theoretical Estimated Theoretical Estimated Estimated

50 2,000 500 2,000 500 2,000
Org. Adj. S.C. S.C. Org. Adj. S.C. S.C. S.C. S.C.

1 1.50000 2.16506 4.00000 0.95615 -2.50000 -1.73205 -7.00850 -4.53097 0.11111 0.00000
2 1.00000 1.44338 1.12847 1.89857 -2.00000 -1.38564 -2.27705 -1.25111 0.11111 0.23137
3 2.50000 3.60844 4.0000 7.00000 -1.5000 -1.03923 -1.49140 -1.02797 0.01285 0.01897
4 1.00000 1.44338 1.49368 2.16571 -1.00000 -0.69282 -0.76647 -0.34862 0.12154 0.15474
5 1.50000 2.16506 4.00000 5.73384 -0.50000 -0.34641 -0.39155 -0.07764 0.01397 0.04219
6 1.00000 1.44338 1.81350 2.45766 0.00000 0.00000 -0.00846 0.25474 0.04756 0.06358
7 2.00000 2.88675 3.08340 6.30172 0.50000 0.34641 0.32296 0.49745 0.00000 0.00499
8 1.00000 1.44338 1.47734 2.11129 1.00000 0.69282 0.72304 0.81349 0.00000 0.00645
9 2.00000 2.88675 4.00000 5.73230 1.50000 1.03923 1.10169 1.04610 0.00000 0.00000p 10 1.00000 1.44338 0.65759 0.98121 2.00000 1.38564 2.60342 2.08713 0.00000 0.00000
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4. 00 in the 500 Subject Case, while the lower and upper limits of

the estimate of the individual parameter 0. were set equal to -7.00

and 4 .00 ,respectively. We can see in Table 4-1 that as many as

* four out of the ten estimated item discrimination parameters assume

this maximum value, 4.00 , the result which was not expected. For

this reason, in all the other situations, this upper limit was changed

to 7.00 , while the lower and upper limits of the estimated

individual parameter remained unchanged. The results of the 2,000

Subject Case in Table 4-1 are based upon this new set of maximum and

minimum values. We can see in Table 4-1 that, even with the larger

upper limit set for the item discrimination parameter, one of the

estimated item discrimination parameters, i.e., that of item 3,

assumes this maximum value. Since this item has the largest

theoretical discrimination parameter, 3.60844 , this result is

understandable in a sense, and yet we must say that the estimated

parameter is very much "inflated." This is a general tendency over

all the ten items, especially in the 2,000 Subject Case. On the other

hand, the estimated difficulty parameters do not show such a

conspicuous tendency. A close examination of the results of the 2,000

Subject Case reveals, however, that with the exception of item 1,

whose true difficulty parameter equals the lower end of the interval

of 6 for which the ability distribution is uniform, all the other

item difficulty parameters are overestimated, although the same

tendency does not appear in the results of the 500 Subject Case. The

estimated guessing parameters turned out to be substantially large for

%~



the items of lower difficulty parameters and of smaller discrimination

parameters.

For the sake of comparison, Logist 5 was used for the same two

sets of data by setting cg equal to zero, i.e., by assuming the

logistic model instead of the three-parameter logistic model.

Table 4-2 presents the resultant estimated item discrimination and

-~ difficulty parameters for both 500 and 2,000 Subject Cases, together

with their theoretical parameters, for each item of the Ten Item Test.

We can see in this table that the estimated discrimination parameters

still tend to be "inflated," but not to the extent that they do in the

previous results which were obtained without the constraint for c

The estimated difficulty parameters are close to the true parameters,

except for item 10 in both 500 and 2,000 Subject Cases. Those

estimated difficulty parameters scatter more widely, however, compared

with the true difficulty parameter values.

The tendencies observed in the results of Case 1 may be, to a

certain extent, due to the fact that only ten test items were used for

Logist 5. We can expect that the bias caused by its scaling has a

substantial effect on the resultant estimated item parameters. In

fact, when the three-parameter logistic model was assumed, in the 500

Subject Case as many as one hundred hypothetical examinees were

excluded in the process of rescaling, for their latest estimated

individual parameters exceeded 3.00 in absolute values. Out of

these one hundred hypothetical examinees, eight obtained negative

infinity as their individual parameter estimates, which was caused by
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TheorticalTABLE 4-2

Theretcaland Estimated Item Parameters in the 500 and 2,000 Subject
Cases for Each Item of' the Ten Item Test. Logistic Model Is

Assumed. Case 1.

Discrimination Parameter Difficulty Parameter

Item Theoretical Estimated Theoretical Estimated

500 2,000 500 2,000
Org. Adj. S.C. S.C. Org. Adj. S.C. S.C.

1 1.50000 2.16506 7.00000 4.46012 -2.50000 -1.73205 -1.79784 -1.82777
2 1.00000 1.44338 1.66645 1.48512 -2.00000 -1.38564 -1.40424 -1.41994
3 2.50000 3.60844 4.83938 4.77435 -1.50000 -1.03923 -1.00147 -0.98488
4 1.00000 1.44338 1.38928 1.55463 -1.00000 -0.69282 -0.64011 -0.63939
5 1.50000 2.16506 3.61872 3.26944 -0.50000 -0.34641 -0.18574 -0.25476
6 1.00000 1.44338 1.53595 1.60692 0.00000 0.00000 0.11857 0.10502
7 2.00000 2.88675 3.38480 4.45453 0.50000 0.34641 0.52054 0.51174
8 1.00000 1.44338 1.70183 1.66029 1.00000 0.69282 0.86021 0.88896
9 2.00000 2.88675 7.00000 6.08234 1.50000 1.03923 1.18334 1.18419

10 1.00000 1.44338 1.00086 1.12968 2.00000 1.38564 2.09119* 2.01825



S their "all zero" response patterns, and thirty-nine obtained positive

* infinity caused by their "all unity" response patterns. The

corresponding total number of excluded subjects in the 2,000 Subject

Case is two hundred thirty-eight, i.e., still as large as 11.9

percent of the total number of examinees. Out of these subjects,

thirty-eight obtained negative infinity as the estimates of their

individual parameters, which was caused by their "all zero" response

patterns, and one hundred forty-seven obtained positive infinity

caused by their " all unity" response patterns. The corresponding

numbers of hypothetical examinees excluded in the rescaling process

when the (two-parameter) logistic model was assumed are much smaller

but still substantial, i.e., forty-seven in the 500 Subject Case and

one hundred eighty-five in the 2,000 Subject Case, including those

who obtained negative or positive infinities as their individual

parameter estimates.

Table 4-3 presents the results of Case 2 obtained for the items

of the Thirty-Five Item Test assuming the three-parameter logistic

model. For convenience, these thirty-five items are numbered 11

through 45, in order to avoid the confusion caused by using the same

item numbers as those of the Ten Item Test. In this table, the

estimated item parameters of items 11, 12, 13, 15, 44 and 45 in the

500 Subject Case and those of items 11, 12, 13 and 44 in the 2,000

Subject Case are missing, however, since in each situation either all

the hypothetical examinees uniformly obtained zero, or all uniformly

obtained unity, as their item scores, and the estimation turned out
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TABLE 4-3

Theoretical and Estimated Item Parameters in the 500 and 2,000 Subject Cases for Each Item
of the Thirty-Five Item Test. Three-Parameter Logistic Model Is Assumed. Case 2.

Discrimination Parameter Guessing
DiffiultyParaeterParameter

Item Theoretical Estimated Theoretical Estimated Estimated

500 2,000 500 2,000 500 2,000
Org. Adj. S.C. S.C. Org. Adj. S.C. S.C. S.C. S..

11 1.80000 2.59808 --- --- -4.75000 -3.29090 ---

' 12 1.90000 2.74241 .-.--- -4.50000 -3.11769 --- ... ... ..
13 2.00000 2.88675 ---. 4.25000 -2.94449 --- ---.....

14 1.50000 2.16506 7.00000 2.10115 -4.00000 -2.77128 -2.31556 -3.02161 0.08667 0.02122
15 1.60000 2.30940 --- 4.95191 -3.75000 -2.59808 . -. 2.41505 --- 0.02122
16 1.40000 2.02073 7.00000 2.01814 -3.50000 -2.42487 -2.31184 -2.66637 0.08667 0.02122
17 1.90000 2.74241 2.34600 6.25083 -3.00000 -2.07846 -2.49184 -1.97065 0.08667 0.00000
18 1.80000 2.59808 1.66937 2.45684 -3.00000 -2.07846 -2.53506 -2.23919 0.08667 0.02122
19 1.60000 2.30940 5.95996 2.62153 -2.75000 -1.90526 -1.63507 -1.90260 0.33907 0.02122
20 2.00000 2.88675 4.54064 3.93175 -2.50000 -1.73205 -1.75362 -1.66113 0.00000 0.16847
21 1.50000 2.16506 3.60897 3.57269 -2.25000 -1.55885 -1.52887 -1.47593 0.00000 0.00000
22 1.70000 2.45374 3.72440 5.79677 -2.00000 -1.38564 -1.26918 -1.20411 0.19618 0.17118
23 1.50000 2.16506 5.93530 4.14441 -1.75000 -1.21244 -0.86540 -1.04556 0.31164 0.12398
24 1.40000 2.02073 2.15613 2.50797 -1.50000 -1.03923 -0.91905 -0.92924 0.05498 0.08893
25 2.00000 2.88675 4.30412 3.82653 -1.25000 -0.86603 -0.82709 -0.84287 0.00000 0.01227
26 1.60000 2.30940 3.08081 3.00092 -1.00000 -0.69282 -0.61492 -0.62173 0.00000 0.03369
27 1.80000 2.59808 3.41671 3.29292 -0.75000 -0.51962 -0.42482 -0.50742 0.01715 0.00712
28 1.70000 2.45374 3.73975 3.15448 -0.50000 -0.34641 -0.29610 -0.32412 0.00000 0.00000
29 1.90000 2.74241 3.55043 3.43681 -0.25000 -0.17321 -0.16918 -0.15937 0.00000 0.00000
30 1.70000 2.45374 3.26689 2.97724 0.00000 0.00000 0.06045 0.03331 0.00000 0.00000
31 1.50000 2.16506 2.51771 2.68637 0.25000 0.17321 0.24396 0.17012 0.00000 0.00132
32 1.80000 2.59808 3.36240 3.58997 0.50000 0.34641 0.38959 0.35692 0.00000 0.00000
33 1.40000 2.02073 2.49348 2.33960 0.75000 0.51962 0.49717 0.47978 0.00000 0.00000
34 1.90000 2.74241 3.92561 3.63878 1.00000 0.69282 0.64148 0.65455 0.00000 0.00000
35 2.00000 2.88675 4.36628 3.48851 1.25000 0.86603 0.78414 0.85172 0.00000 0.00000
36 1.60000 2.30940 2.61472 2.72612 1.50000 1.03923 1.01803 1.02596 0.00000 0.00000
37 1.70000 2.45374 2.54991 2.90554 1.75000 1.21244 1.21299 1.22349 0.00000 0.00000

38 1.40000 2.02073 1.97089 2.25224 2.00000 1.38564 1.38765 1.34179 0.00000 0.00000
39 1.90000 2.74241 6.12277 3.14405 2.25000 1.55885 1.47525 1.52861 0.07920 0.00000
40 1.60000 2.30940 4.30567 3.39256 2.50000 1.73205 1.51061 1.62665 0.00000 0.00000
41 1.50000 2.16506 2.50260 2.18581 2.75000 1.90526 2.09183 1.97325 0.00000 0.00000
42 1.70000 2.45374 7.00000 6.00998 3.00000 2.07846 1.82767 1.88083 0.00000 0.00000
43 1.80000 2.59808 3.18005 1.91086 3.25000 2.25167 2.10989 2.68272 0.00000 0.00000
44 2.00000 2.88675 .-.--- 3.50000 2.42487 --------...

45 1.40000 2.02073 --- 7.00000 3.75000 2.59808 --- 2.19254 --- 0.00198

m '-
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to be impossible. The corresponding results obtained by assuming the

U logistic model are shown as Table 4-4. In both cases, no hypothetical

examinees were excluded in the process of rescaling e , either in the

500 Subject Case or in the 2,000 Subject Case.

It is observed in Table 4-3 that there exists a distinct tendency

that the estimated discrimination parameters are "inflated" again for

these items of the Thirty-Five Item Test when the three-parameter

logistic model was assumed. This tendency is also observed in the

results of Table 4-4 obtained by assuming the logistic model both in

500 Subject Case and in 2,000 Subject Case. Comparison of the

estimated discrimination parameters across the two tables in each of

the 500 and 2,000 Subject Cases reveals that those in Table 4-3 are

more inflated than those in Table 4-4, especially for items whose true

difficulty parameters are closer to the midpoint of the interval of

e , (-r3, /3) , for which the ability distribution is uniform. Most

of the estimated difficulty parameters are fairly close to the true

difficulty parameters, in both sets of results shown in Tables 4-3 and

44. A close examination of the results of Table 4-3 reveals,

however, that, when the estimated guessing parameter is substantially

large, the difficulty parameter tends to be overestimated. As was

observed in the results of Case 1, the estimaated guessing parameter

tends to be substantially large for items whose theoretical difficulty

parameters are low. The relationship between the estimated guessing

parameter and the theoretical discrimination parameter is not so

obvious, however. This may partly be due to the fact that the

theoretical item discrimination parameters are closer to one another
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TABLE 4-4

Theoretical and Estimated Item Parameters in the 500 and 2,000 Subject
Case for Each Item of the Thirty-Five Item Test. Logistic Model Is

Assumed. Case 2.

Discrimination Parameter Difficulty Parameter

Item Theoretical Estimated Theoretical Estimated

500 2,000 500 2,000
Org. Adj. S.C. S.C. Org. Adj. S.C. S.C.

11 1.80000 2.59808 -- --- -4.75000 -3.29090 -- --
12 1.90000 2.74241 --- -4.50000 -3.11769 -- --
13 2.00000 2.88675 ---4.25000 -2.94449
14 1.50000 2.16506 7.00000 2.66184 -4.00000 -2.77128 -2.24211 -2.72393
15 1.60000 2.30940 --- 1.80462 -3.75000 -2.59808 -- -3.48102
16 1.40000 2.02073 5.85000 2.18952 -3.50000 -2.42487 -2.27498 -2.57504
17 1.90000 2.74241 2.65490 4.80292 -3.00000 -2.07846 -2.38002 -1.98730
18 1.80000 2.59808 1.86159 2.27740 -3.00000 -2.07846 -2.43453 -2.28213
19 1.60000 2.30940 3.04990 2.35694 -2.75000 -1.90526 -1.84166 -1.94374
20 2.00000 2.88675 5.26700 3.67092 -2.50000 -1.73205 -1.69718 -1.71751
21 1.50000 2.16506 3.68387 3.53050 -2.25000 -1.55885 -1.51712 -1.48068
22 1.70000 2.45374 2.78792 3.44789 -2.00000 -1.38564 -1.41474 -1.32688
23 1.50000 2.16506 2.29748 3.17041 -1.75000 -1.21244 -1.21515 -1.15032
24 1.40000 2.02073 2.06001 2.20858 -1.50000 -1.03923 -0.98995 -1.02123
25 2.00000 2.88675 4.28130 3.59910 -1.25000 -0.86603 -0.85496 -0.86681
26 1.60000 2.30940 3.00410 2.66034 -1.00000 -0.69282 -0.63407 -0.66631
27 1.80000 2.59808 2.96481 3.16909 -0.75000 -0.51962 -0.45806 -0.52025
28 1.70000 2.45374 3.67673 3.11533 -0.50000 -0.34641 -0.30288 -0.32330
29 1.90000 2.74241 3.46570 3.44479 -0.25000 -0.17321 -0.17130 -0.15421
30 1.70000 2.45374 3.24069 2.95857 0.00000 0.00000 0.06386 0.04162
31 1.50000 2.16506 2.48202 2.63270 0.25000 0.17321 0.24964 0.17709
32 1.80000 2.59808 3.28184 3.56525 0.50000 0.34641 0.39818 0.36913
33 1.40000 2.02073 2.44574 2.33705 0.75000 0.51962 0.50649 0.49057
34 1.90000 2.74241 3.75665 3.62024 .1.00000 0.69282 0.65520 0.66711
35 2.00000 2.88675 4.35412 3.52539 1.25000 0.86603 0.79956 0.86196
36 1.60000 2.30940 2.74792 2.81144 1.50000 1.03923 1.02172 1.03020
37 1.70000 2.45374 2.63339 3.03734 1.75000 1.21244 1.21153 1.22028
38 1.40000 2.02073 2.03766 2.36148 2.00000 1.38564 1.38059 1.33170
39 1.90000 2.74241 3.39088 3.39749 2.25000 1.55885 1.45505 1.50674
40 1.60000 2.30940 4.77467 3.54667 2.50000 1.73205 1.49452 1.60441
41 1.50000 2.16506 2.58117 2.27431 2.75000 1.90526 2.07618 1.93828
42 1.70000 2.45374 7.00000 5.94718 3.00000 2.07846 1.83612 1.85210
43 1.80000 2.59808 2.91442 1.95702 3.25000 2.25167 2.15710 2.63901
44 2.00000 2.88675 - -- 3.50000 2.42487
45 1.40000 2.02073 --- 4.38154 3.75000 f2.59808 -- 2.246555

'V%
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f or the items of the Thirty-Five Item Test than for those of the Ten

Item Test.

The corresponding results for Case 3 are presented as

Tables 4-5 and 4-6, respectively. In all the four situations

presented in these two tables, the rescaling of 8 was made without

excluding any hypothetical subjects, as was the case with those four

corresponding situations in Case-2. From the results of Table 4-5 we

can say that the estimated guessing parameters are again substantially

large for many items whose true difficulty parameters are low.

Similar tendencies as those observed for the estimated discrimination

and difficulty parameters in Case 2 are also observed in these results

of Case 3.

Tables 4-7 and 4-8 present the corresponding results of Case 4.

There are additional thirty-f irye "artificial" test items in these two

tables, and they are numbered 46 through 80. In addition to the items

ref erred to earlier, seven more items, i e. items 46, 47, 74, 76, 78,

79 and 80, in the 500 Subject Case and five more items, i.e. , items

46, 47, 78, 79 and 80, in the 2,000 Subject Case had to be excluded

either because of the all zero item scores obtained by the examinees,

or because of their all unity item scores. Again, no hypothetical

examinees were excluded in the process of tescaling 8 in Logist 5 in

each of the four situations. Although a little less conspicuous,

there still appears a tendency that the estimated guessing parameter

is substantially large for items having low theoretical difficulty

parameters. The estimated discrimination parameters are still

"inflated," but they are closer to each other for both situations

Fi - .6' '~'-
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TABLE 4-5
Theoretical and Estimated Item Parameters in the 500 and 2,000 Subject Cases for Each Item

of the Ten Item Test and the Thirty-Five Item Test. Three-Parameter Logistic Model Is

A-,ed. Case 3.

Discrimination Parameter Difficulty Parameter Guessing

Parameter

Item Theoretical EtmedToriclEstimated Estimated

500 2,000 500 2,000 500 2,000
Org. Adj. S.C. S.C. Org. Adj. S.C. S.C. S.C. S.C.

1 1.50000 2.16506 7.00000 3.16857 -2.50000 -1.73205 -1.58337 -1.70186 0.31911 0.00000
2 1.00000 1.44338 3.87013 2.20593 -2,00000 -1.38564 -0.82818 -0.99213 0.42360 0.33765

2.50000 3.60844 6.61387 6.11440 -1.50000 -1.03923 -0.88235 -0.94942 0.07876 0.06904
4 1.00000 1.44338 1.66601 1.60446 -1.00000 -0.69282 -0.57784 -0.65341 0.06874 0.02886
5 1.50000 2.16506 2.77616 2.49209 -0.50000 -0.34641 -0.27650 -0.33620 0.00000 0.00000
6 1.00000 1.44338 1.55749 1.58121 0.00000 0.00000 0.02360 -0.00453 0.01465 0.00128
7 2.00000 2.88675 2.96359 3.40269 0.50000 0.34641 0.36510 0.36758 0.00000 0.00022
8 1.00000 1.44338 1.76403 1.68448 1.00000 0.69282 0.65648 0.69709 0.00000 0.00000
9 2.00000 2.88675 4.38452 3.69650 1.50000 1.03923 0.97398 0.98698 0.00000 0.00000

10 1.00000 1.44338 1.54466 1.67432 2.00000 1.38564 1.32856 1.35974 0.00000 0.00000
11 1.80000 2.59808 --- -4.75000 -3.29090 -------
12 1.90000 2.74241 --- -4.50000 -3.11769 ---. ...
13 2.00000 2.88675 ... ... -4.25000 -2.94449 ...
14 1.50000 2.16506 7.00000 2.19806 -4.00000 -2.77128 -2.37410 -2.95371 0.08826 0.10234
15 1.60000 2.30940 --- 1.90897 -3.75000 -2.59808 . -. 3.36769 --- 0.10234
16 1.40000 2.02073 7.00000 1.84048 -3.50000 -2.42487 -2.37226 -2.75675 0.08826 0.10234
17 1.90000 2.74241 2.00167 5.60182 -3.00000 -2.07846 -2.63823 -1.99530 0.08826 0.00000
18 1.80000 2.59808 1.62591 2.21154 -3.00000 -2.07846 -2.57808 -2.29576 0.08826 0.10234
19 1.60000 2.30940 4.45727 2.36176 -2.75000 -1.90526 -1.63765 -1.92579 0.43106 0.10234

20 2.00000 2.88675 6.38769 3.87045 -2.50000 -1.73205 -1.73779 -1.68322 0.00000 0.14877
21 1.50000 2.16506 2.89572 3.06226 -2.25000 -1.55885 -1.57782 -1.50616 0.00000 0.00000
22 1.70000 2.45374 3.03416 4.41425 -2.00000 -1.38564 -1.33087 -1.18774 0.14331 0.20630

- 23 1.50000 2.16506 3.81430 3.36983 -1.75000 -1.21244 -0.89510 -1.05681 0.28760 0.10975
24 1.40000 2.02073 2.17074 2.43977 -1.50000 -1.03923 -0.87115 -0.92907 0.09159 0.08490
25 2.00000 2.88675 3.70917 3.62242 -1.25000 -0.86603 -0.81486 -0.83289 0.00000 0.01472
26 1.60000 2.30940 2.86861 2.96961 -1.00000 -0.69282 -0.59335 -0.60991 0.00000 0.03712
27 1.80000 2.5980b 3.06301 3.14587 -0.75000 -0.51962 -0.41924 -0.50798 0.00089 0.00000
28 1.70000 2.45374 4.17905 3.18564 -0.50000 -0.34641 -0.27372 -0.31965 0.00000 0.00000
29 1.90000 2.74241 3.65756 3.30394 -0.25000 -0.17321 -0.15748 -0.15832 0.00000 0.00000
30 1.70000 2.45374 3.36662 2.92438 0.00000 0.00000 0.05765 0.03296 0.00000 0.00000
31 1.50000 2.16506 2.49791 2.60306 0.25000 0.17321 0.24144 0.16800 0.00000 0.00000
32 1.80000 2.59808 2.97532 3.17624 0.50000 0.34641 0.38466 0.35806 0.00000 0.00000
33 1.40000 2.02073 2.39944 2.24392 0.75000 0.51962 0.49468 0.48257 0.00000 0.00000
34 1.90000 2.74241 3.56410 3.65448 1.00000 0.69282 0.64140 0.65986 0.00000 0.00000
35 2.00000 2.88675 4.31324 1 3.29432 1.25000 0.86603 0.78225 0.85445 0.00000 0.00000
36 1.60000 2.30940 2.51338 2.56816 1.50000 1.03923 1.01267 1.02876 0.00000 0.00000
37 1.70000 2.45374 2.43304 2.70841 1.75000 1.21244 1.20847 1.22648 0.00000 0.00000
38 1.40000 2.02073 1.99664 2.25976 2.00000 1.38564 1.37635 1.33734 0.00000 0.00000
39 1.90000 2.74241 2.91426 3.11288 2.25000 1.55885 1.47260 1.52379 0.00000 0.00000
40 1.60000 2.30940 3.98169 3.20664 2.50000 1.73205 1.51130 1.63052 0.00000 0.00000
41 1.50000 2.16506 2.40751 2.03311 2.75000 1.90526 2.12160 2.00855 0.00000 0.00000
42 1.70000 2.45374 7.00000 6.06362 3.00000 2.07846 1.86710 1.88062 0.00000 0.00000
43 1.80000 2.59808 2.68843 1.73795 3.25000 2.25167 2.20918 2.79685 0.00000 0.00000
44 2.00000 2.88675 ... ... 3.50000 2.42487 .... ...
45 1.40000 2.02073 7.00000 3.75000 2.59808 --- 2.192601 --- 0.00198

wI .t
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TABLE 4-6
Theoretical and Estimated Item Parameters in the 500 and 2,000 Subject
Cases for Each Item of the Ten Item Test and the Thirty-Five Item Test.

Logistic Model Is Assumed. Case 3.

Discrimination Parameter Difficulty Parameter

Item Theoretical Estimated Theoretical Estimated

500 2,000 500 2,000
Org. Adj. S.C. S.C. Org. Adj. S.C. S.C.

1 1.50000 2.16506 4.95337 3.28161 -2.50000 -1.73205 -1.67240 -1.67029
2 1.00000 1.44338 1.69224 1.57696 -2.00000 -1.38564 -1.36571 -1.35902
3 2.5000 3.60844 4.07728 4.17736 -1.50000 -1.03923 -1.01281 -1.02694
4 1.00000 1.44338 1.46003 1.53778 -1.00000 -0.69282 -0.70019 -0.70004
5 1.50000 2.16506 2.68987 2.47682 -0.50000 -0.34641 -0.30131 -0.34419
6 1.00000 1.44338 1.44917 1.55961 0.00000 0.00000 -0.01392 -0.00994
7 2.00000 2.88675 2.86243 3.32482 0.50000 0.34641 0.36627 0.36951

%8 1.00000 1.44338 1.72479 1.67575 1.00000 0.69282 0.66329 0.70095
9 2.00000 2.88675 4.34492 3.69979 1.50000 1.03923 0.98918 0.99343

10 1.00000 1.44338 1.53441 1.68119 2.00000 1.38564 1.34230 1.36275
11 1.80000 2.59808 -- --- -4.75000 -3.29090 -- --
12 1.90000 2.74241 --- --- -4.50000 -3.11769 -- --
13 2.00000 2.88675 -- -- 4.25000 -2.94449 --14 1.50000 2.16506 7.00000 2.91928 -4.00000 -2.77128 -2.15752 -2.60081
i5 1.60000 2.30940 - 1.74182 -3.75000 -2.59808 -- -3.53483
16 1.40000 2.02073 7.00000 2.09438 -3.50000 -2.42487 -2.15752 -2.60017
17 1.90000 2.74241 2.73182 5.71243 -3.00000 -2.07846 -2.32255 -1.91514
18 1.80000 2.59808 1.93571 2.41736 -3.00000 -2.07846 -2.37937 -2.22083
19 1.60000 2.30940 2.78781 2.41276 -2.75000 -1.90526 -1.85334 -1.92091
20 2.00000 2.88675 7.00000 3.84414 -2.50000 -1.73205 -1.66676 -1.69924
21 1.50000 2.16506 3.05070 3.28211 -2.25000 -1.55885 -1.54605 -1.48938
22 1.70000 2.45374 2.81049 3.11682 -2.00000 -1.38564 -1.42047 -1.33659
23 1.50000 2.16506 2.18879 2.84317 -1.75000 -1.21244 -1.22508 -1.15676
24 1.40000 2.02073 1.98367 2.16013 -1.50000 -1.03923 -0.99519 -1.02270
25 2.00000 2.88675 3.78513 3.38927 -1.25000 -0.86603 -0.85820 -0.86525
26 1.60000 2.30940 2.79550 2.57449 -1.00000 -0.69282 -0.63042 -0.66551
27 1.80000 2.59808 2.94721 3.13646 -0.75000 -0.51962 -0.45199 -0.51928
28 1.70000 2.45374 4.01387 3.15357 -0.50000 -0.34641 -0.29894 -0.32714
29 1.90000 2.74241 3.47887 3.27011 -0.25000 -0.17321 -0.17677 -0.16301
30 1.70000 2.45374 3.26431 2.89248 0.00000 0.00000 0.04783 0.03087

*31 1.50000 2.16506 2.41301 2.57220 0.25000 0.17321 0.23779 0.16763
32 1.80000 2.59808 2.87394 3.12995 0.50000 0.34641 0.38646 0.36035
33 1.40000 2.02073 2.34406 2.22892 0.75000 0.51962 0.49893 0.48570
34 1.90000 2.74241 3.47064 3.61903 1.00000 0.69282 0.65094 0.66576
35 2.00000 2.88675 4.20559 3.28752 1.25000 0.86603 0.79511 0.86083
36 1.60000 2.30940 2.49622 2.58101 1.50000 1.03923 1.02635 1.03417
37 1.70000 2.45374 2.42736 2.72468 1.75000 1.21244 1.22281 1.23107
38 1.40000 2.02073 1.99253 2.27881 2.00000 1.38564 1.39037 1.34037
39 1:90000 2.74241 2.94510 3.18444 2.25000 1.55885 1.48530 1.52314

I40 1.60000 2.30940 3.99991 3.23204 2.50000 1.73205 1.52512 1.63091
41 1.50000 2.16506 2.40032 2.03234 2.75000 1.90526 2.13695 2.01093
42 1.70000 2.45374 7.00000 6.04216 3.00000 2.07846 1.87981 1.87873
43 1.80000 2.59808 2.70006 1.73892 3.25000 2.25167 2.22019 2.79913
44 2.00000 2.88675 --- --- 3.500001 2.42487 -- --
45 1.40000 2.02073 --- 4.00385 3.75000 2.59808 -- 2.31592
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in which the three-parameter logistic model and the logistic model

were assumed, respectively.

The enhancement of the estimated discrimination parameters is

more revealing if we plot those values against the theoretical

discrimination parameters a . Figures 4-1 through 4-4 present those
g

results in the 500 Subject Case when we assumed the three-parameter

logistic model and the logistic model, respectively, for Cases 1, 2, 3

and 4. In each of these graphs, the upper limits set for the

estimated discrimination parameter in using Logist 5 are indicated by a

dotted, horizontal line. Also a solid line with the angle of 45

degrees from the abscissa passing (0,0) is drawn in each graph. We

can see in these results that, although there is some improvement in

those obtained by setting cg 0.* 0 in using Logist 5 , many

discrimination parameters are -outrageously overestimated. The

corresponding results in the 2,000 Subject Case are presented as

Figures 4-5 through 4-8 for Cases 1, 2, 3 and 4, respectively. These

results are fairly similar to those in the 500 Subject Case, although

we can see some improvement for the result of this larger subject

group.* The correlation between the estimated and the true

discrimination parameters appears to increase as the numbesr of

hypothetical test items increases. When the nmber of items is as

smali as thirty-five, however, there does not seem to be any positive

correlation between these two sets of values.

The corresponding results on the difficulty parameters in the

500 Subject Case are presented in the eight graphs of Figures 4-9

through 4-12, and those in the 2,000 Subject Case are given in the

% 71I:%
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eight graphs of Figures 4-13 through 4-16.* In these graphs, the

Uinterval of 8 (-v'-, /3-) , for which the ability distribution is

uniform, is indicated by two solid, vertical lines.* We can see in

these figures that, with the exception of Case 1, a strong positive

P correlation is indicated between the estimated and the theoretical

difficulty parameters, especially for the subset of items whose

theoretical difficulty parameters are within the interval, (-Y'3, /3)

.P Some improvement is observed in the results obtained by assuming

the logistic model compared with those obtained by assuming the three-

parameter logistic model, both in the 500 Subject Case and in the

2,000 Case in each of the Cases 1, 2, 3 and 4.

Those results on the difficulty parameter estimation suggest

that the "outrageous" overestimation of the discrimination parameter

may partly be due to the lack of examinees in the range of 8 at

which the discrimination power of the item is maximal, i.e., around

the difficulty parameter b 9 In order to investigate this, we

replotted the estimated discrimination parameters against the

theoretical discrimination parameters for the subset of items whose

theoretical difficulty parameters are within the interval (-r3, r3)

only. There are nine such items in Case 1, i.e., items 2 through 10,

nineteen items in Case 2, i1. e. , items 21 through 39', twenty-eight

items in Case 3 combining those two subsets of items, and forty-seven

*In each of these graphs, fo-r the purpose of reference, a dotted line
representing the linear regression, or the line fitted by the least
squares principle, of 6 on 0 is drawn, together with a solid
line diverging the abscissa with the angle of 45 degrees. Note that
this linear regression is of a n e which is to be introduced
in Section 8.
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Estimated Discrimination Parameter Obtained by LOGIST 5 Plotted agatnst the
True Discrimination Parameter ag for Each Item of the Ten Item Test ().

Case 1, 2,000 Subject Case.
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Logistic Model Is Assumed.
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Logistic Model Is Assuied.



-48-

" ~ ~~~7.0 ........... . . . . . . ......................... i

aoa

4a.

4+ 
z

Z11+

1.0 7

4l wO ft -

.0 1.0 &0 &0

4.

(:;. THEORETICAL a

' -

FIGURE 4-8"

Estimated Discrimination Para!eter Obtained by LOGIST 5 Plotted against the
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FIGURE 4-8 (Continued) Guessing Paramter c* Is Set Equal to zero, i.e.,

Logistic Model Is Assmed.
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FIGURE 4-9

Estimated Difficulty Parameter Obtained by LOGIST 5 Plotted against the True
Difficulty Parameter bg for Each Item of the Ten Item Test (2). Case 1,

500 Subject Case.
(Linear Regression of i on 9 Is Plotted by Dots for Reference.)
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FIGURE 4-9 (continued) :Guessing Parameter C- Is Set Equal to Zero, i.e..

Logistic Model -rv Assumed.

(Linear Regression of j on e Is Plotted by Dots for Reference.)

- S_



74 "W

-52-

4.=0

A

- 1.0

I-1.0

-460

% -,

:' : -3,0
4.

4.0 -3.0 .2.0 -1.0 0.0 1.0 2.0 ao
THEORETICAL bg

FIGURE 4-10

Estimated Difficulty Parameter Obtained by LOGIST 5 Plotted against the True
Difficulty Parameter bg for Each Item of the Thirty-Five Item Test ().
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Estimated Difficulty Parameter Obtained by LOGIST 5 Plotted against the True
Difficulty Parameter bg for Each Item of the Thirty-Five Item Test ().

Case 2, 2,000 Subject Case.

(Linear Regression of 6 on e Is Plotted by Dots for Reference.)
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items in Case 4 adding items 52 through 70 to those twenty-eight

items.* The reduced scatter diagrams are shown as Figures 4-17 through

4-20 for the 500 Subject Case, and as Figures 4-21 through 4-24 for

the 2,000 Subject Case, respectively. We can see a substantial

improvement with respect to the error of estimation in these reduced

scatter diagrams. And yet there still exists the enhancement of the

estimated discrimination parameters in spite of the exclusion of

those items whose errors of estimation are expected to be large.

V. Estimated Item Characteristic Functions I: Ten Item Test

Figure 5-1 presents the estimated item characteristic functions

following the three-parameter logistic model and the logistic model,

~. ' respectively, using the estimated item parameters obtained by Logist

5, for each item of the Ten Item Test in the 500 Subject Case. In

each graph, the theoretical item characteristic function is drawn by a

solid line, and the three estimated item characteristic functions in

Cases 1, 3 and 4 are represented by dotted, short dashed and long

dashed lines, respectively. For each curve whose estimated item

discrimination parameter assumes the upper limit set in using Logist

5, an * is attached with that maximal value accompanied in

parentheses. In each graph, the interval of 6 , (-Y A~) ,for

which the ability distribution is uniform, is indicated by two arrows

pointing to the abscissa.

In this figure, we find substantial differences between the

results obtained by assuming the three-parameter logistic model and
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those obtained by assuming the logistic model, i.e., the fit of the

estimated item characteristic functions to the corresponding

theoretical functions are poorer in general when the three-parameter

logistic model is assumed. For the items whose theoretical item

difficulty parameters are close to the midpoint of the interval

(-VT, vs , however, those curves are just as close to the

theoretical ones as the corresponding estimated item characteristic-'

functions obtained by assuming the logistic model, especially in Cases

3 and 4. For the items whose difficulty parameters are closer to the

* lower endpoint of the interval, the curves tend to be outrageously

different from the theoretical curves, having big tails in the

negative direction.

Figure 5-2 presents the corresponding results in the 2,000

*" Subject Case. In general, the estimated item characteristic functions

tend to fit the theoretical ones better compared with those obtained

in the 500 Subject Case, even in Case 1. Big tails are still

* observed, however, for items having low difficulty parameters.

VI. Estimated Item Characteristic Functions II: Thirty-Five Item Test

The results of the items of the Thirty-Five Item Test

corresponding to those which were observed for the items of the Ten

Item Test in the preceding section are presented as Figures 6-1 and

6-2, for the 500 and 2,000 Subject Cases, respectively. In these

figures, dotted curves represent the estimated item characteristic

functio-.s of Case 2 instead of Case 1, unlike those in Figures 5-1 and

- - 't.*- .*...-,. 4~ - - 4k
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Ten Items (Dotted Line), the Forty-Five Items (Short Dashed Line) And the Eighty Items

(Long Dashed Line), Respectively. The Guessing Parameter Is Set Free in the Upper
Graph, And Set Equal to Zero in the Lower Graph. 2,000 Subject Case.
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5-2 for the Ten Item Test.

We find similar tendencies in these results as were observed for

the items of the Ten Item Test in the preceding section. As before,

there are some items which have "big tails" in the negative direction.

- For items 21, 25, 28, 30, 31, 32, 33, 34, 35, 36, 37 and 38, however,

the results obtained by assuming the three-parameter logistic model

* appear to be just as good as those obtained by assuming the logistic

model, both in the 500 and 2,000 Subject Cases.

VII. Discrimination Shrinkage Factor and Difficulty Reduction Index

of the Three-Parameter Logistic Model

The results presented in the preceding three sections suggest

that there exists a substantial effect of assuming the third

* parameter, cg , on the other two estimated item parameters, when the

estimation is made by "molding" the item characteristic function into

that of the three-parameter logistic model, when actually it follows

the normal ogive model. This effect appears to be stronger on the

: estimated discrimination parameter than on the estimated difficulty

parameter.

Figure 7-1 presents the item characteristic function in the

normal ogive model with ag M 1.00 and bg9 - 0.00 by a dotted

line, the one in the logistic model with the same parameters and

the scaling factor, D - 1.7 , by a solid line, and the one in the

three-parameter logistic model with the same two item parameters and

scaling factor and the third parameter, cg. 0. 25 ,by a dashed
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line. It is obvious from theory that for all the three item

characteristic functions the derivative is highest at e - b - 0.00 .
g1/ 2

Actually, these three derivatives are: (2w) ag , and an

(1-c )Da /4 , respectively, for the three functions in Figure 7-1.
g g

The ratio of this maximal slope in the normal ogive model to the one

in the logistic model is approximately 0.938687718 , which is not so

much less than unity. The corresponding ratio between the three-

parameter logistic model and the logistic model is (1-cg) , which
g

equals 0.75 when cg 0.25 , and is as low as 0.50 when

Ca M 0.50 . The ratio between the three-parameter logistic model and

the normal ogive model is approximately 1.065317017(1-cg) , which is

a little higher than (1-c).

It is obvious from the facts described above that, when we

"mold" the normal ogive model into the three-parameter logistic model

and estimate the three item parameters accordingly, we tend to obtain

a larger value for the estimated item discrimination parameter, in

order to "fight" the effect of the guessing parameter. It is

especially so when the estimated guessing parameter turns out to be a

large value for one reason or another. It is also obvious from Figure

7-1 that the difficulty parameter tends to be estimated higher than it

really is.

Let P*(e) be the item characteristic function in the three-

parameter logistic model obtained by "molding" the one in the logistic

model, which is given by (1.2). Thus we can write

(7.1) P*(8) -c + (1-c*) ,*(e)

-A 1W
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where

(7.2) y*(O) -[1 + exp{-Da*(O-b*))]l'

-, with a* (> 0) and b* as the discrimination and difficulty
g g

parameters, respectively, and D - 1.7 . It is obvious that, when

c* - 0.0 , (7.1) provides us with the identical function as (1.2) if

we set a* = a and b* - b • When c 1 0.0 , however, there is

no way to make the two functions identical, whatever values may be

assigned to a* and b* . If we set b* - b , P*(B) exceeds

Yg(e) by c*/2 at 0 - b , regardless of the value assigned to a*
g g g

Thus in order to approximate 'g(0) by P*(0) we can make P*(G)

equal to T (e) at 0- b* ,by shifting b* to the positive

direction. By setting v (b*) equal to (I+c*)/2 , we obtain

(7.3) b*- b + 9(c*1ag),.g g gg.

where

(7.4) 4(c*lag) - (Da )- (log (1+c*) - log (I-c*)}

It is obvious from (7.4) that &(c~lag) is positive for all

c* uv 0.0 , and strictly increasing in c * This implies that
g g
b* > b for all c* 7 0.0 , and the difference (b*-bg) increases
g g g gg
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as c* increases. It is also indicated in (7.4) that this difference
g

increases as the true discrimination parameter a decreases.
g

We notice that, after this restriction concerning b* has been
g

made, the value of a* is still free to adjust in order to make the
g

approximation of Tg () by P*(e) accurate. Thus, we shall
g g

consider the value of a* which makes P*(e) equal to T (6) at
g g

0 - b also. It is obvious that this can be done only when cg is

0.5 or less, for P*(O) will never diverge T (a) if c* is

greater than 0.5 . Since any guessing parameter greater than 0.5

is absurd, this restriction is perfectly acceptable. By setting

P*(bg) equal to 0.5 and using b* given by (7.3) and (7.4), we

obtain

(7.5) a*- ;(c*) ag

where

(7.6) (c*) - (-log (1-2c*)}{log ( -ct) log (1-c1).

It is obvious from (7.6) that C(c*) is greater than unity for
g

all c* 0 0 , and approaches positive infinity when c* tends to
g g

0. 5 . In this limiting case where cg approaches 0.5 , P*(0) thus

obtained converges to the step function, which "Jumps" from 0.5 to

unity at 8 - b* (L b + 0.646242522 ag - ) . This implies that, if

c* is close to 0.5 , then P*(O) will not be very close to T ' (0) -4
Cg g

9 -9

&AA..
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even if these two functions cross each other both at 8 =b and at

e" b* , unless ag is extremely large. When Cg is reasonably small,

however, P*(6) thus obtained will provide us with a good
g

approximation to T (6) . Figure 7-2 presents P*(O) with varieties
g .

of different values of c* , in comparison with the item
g

characteristic functions in the logistic model and in the normal ogive

model. In this example, a - 1.00 and b - 0.00 are used as theg g
item discrimination and the item difficulty parameters of the true

item characteristic function which follows the normal ogive model, and

of its approximation by the logistic model. We can see in this figure

that these curves representing the three-parameter logistic model with

different values of c* are fairly good approximations to the curves
g

representing the normal ogive and the logistic models, for certain

intervals of high values of 0 , respectively. As c* approaches
g

0.50 , however, the fit becomes increasingly worse. Figure 7-3

presents those curves with the equal increment in c* by 0.05
g

starting from c* - 0.05 . When c* - 0.50 , the curve becomes a
g- g

step function with 0 = (Da )- log 3 as the critical point. This
g

critical value of a equals approximately 0.64624 in the present

example.

If we accept P*(0) thus obtained for a specified value of cg

as the approximation to Tg (0) , or to 'g (0) , the corresponding item
gg g "

characteristic function in the normal ogive model, then (cIa ) can
g g

be considered as the difficulty reduction index in the three-parameter

logistic model, in the sense that the apparent difficulty parameter

. . ..-. |

-. ,? -i .i - i.i-- -. 'i° .:'. . . . ."- .' .° ." - . . . : . -. - i.' -. . 2 - .-. . .',. .. . .," - " -.
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b* should be reduced by this amount to reach b • In other words,
g g

in order to reach a fifty percent chance for success, the examinee's

ability level need not be as high as b* , which is usually called
g

the difficulty parameter in the three-parameter logistic model. Note

that this index is also affected by the true discrimination parameter

a , i.e., if a is greater, then ;(c~lag) is less. By the same

token, the reciprocal of C(c*) can be considered as he
g

discrimination shrinkage factor in the three-parameter logistic model,

implying that the discrimination power in the three-parameter logistic

model is not as high as a indicates, and, in order to reach the

true discrimination a. P a* needs to be multiplied by the

reciprocal of (c*) . These two functions of cg , E(c*]a ) and

C(c*) , as well as the discrimination shrinkage factor, are presented
g

- for a g 1.00 in Table 7-1. The functional relationships between.i- g

. c* and a* and between c* and b* when ag 1.00 and

b M 0.00 , are shown in Figures 7-4 and 7-5, respectively. We~g

notice that the values of b* in Figure 7-5 are also those of the
g

difficulty reduction index C(c*lag) when 0 - a -1.00 , Thus for
gg g

an arbitrary a this index is obtained as a function of c* by
g g

dividing those values by a itself. The discrimination shrinkage
8

factor can be obtained as the reciprocal of the values of a shown
8

* in Figure 7-4 . It is shown as a function of c8  in igure 7-6 . We

can see in these figures that, while the difficulty reduction index

- increases with c* almost linearly with the maximal value
g

y approximately equal to 0.64624/a g the discrimination shrinkage
°.g

U
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* TABLE 7-1

Discrimination Shrinkage Factor and its Inverse,
and Difficulty Reduction Index When the True

Discrimination Parameter Equals 1.0

.': IInverse of

Item c* Shrinkaoe DiShrinka Reduction
SFactor Shrinkage Index"acorFactor

1 0.00000 ..--- 0.00000
2 0.01000 0.99000 1.01010 0.01177
3 0.02000 0.97999 1.02041 0.02353
4 0.03000 0.96998 1.03095 I 0.03530
5 0.04000 0.95996 1.04171 0.04708
6 0.05000 0.94991 1.05273 0.05887
7 0.06000 0.93985 1.06400 0.07067
8 0.07000 0.92976 1.07554 0.08249
9 0.08000 0.91964 1.08738 0.09432

10 0.09000 0.90949 1.09952 0.10617
11 0.10000 0.89929 1.11199 0.11804
12 0.11000 0.88905 1.12480 0.12994
13 0.12000 0.87875 1.13798 0.14186
14 0.13000 0.86840 1.15154 0.15381
15 0.14000 0.85798 1.16552 0.16579
16 0.15000 0.84750 1.17995 0.17781
17 0.16000 0.83693 1.19484 0.18987
18 0.17000 0.82628 1.21024 0.20196
19 0.18000 0.81554 1.22618 0.21410
20 0.19000 0.80470 1.24270 0.22628
21 0.20000 0.79374 1.25985 0.23851
22 0.21000 0.78267 1.27767 0.25079
23 0.22000 0.77147 1.29623 0.26312
24 0.23000 0.76013 1.31557 0.27552
25 0.24000 0.74863 1.33578 0.28797
26 0.25000 0.73697 1.35692 0.30049
27 0.26000 0.72512 1.37908 0.31307
28 0.27000 0.71308 1.40237 0.32572
29 0.28000 0.70083 1.42689 0.33845
30 0.29000 0.68834 1.45278 0.35125
31 0.30000 0.67559 1.48018 0.36414
32 0.31000 0.66257 1.50928 0.37711
33 0.32000 0.64924 1.54027 0.39017
34 0.33000 0.63557 1.57340 0.40333
35 0.34000 0.62152 1.60895 0.41658
36 0.35000 0.60706 1.64728 0.42993
37 0.36000 0.59214 1.68879 0.44340
38 0.37000 0.57669 1.73403 0.45697
39 0.38000 0.56065 1.78363 0.47066
40 0.39000 0.54394 1 .83843 0.48447
41 0.40000 0.52646 1.89949 0.49841
42 0.41000 0.50806 1.96827 0.51248
43 0.42000 0.48859 2.04670 0.52670
44 0.43000 0.46782 2.13756 0.54105
45 0.44000 0.44545 2.24494 0.55557
46 0.45000 0.42101 2.37527 0.57024
47 0.46000 0.39380 2.53938 0 .58507
48 0.47000 0.36260 2.75787 0.60008
49 0.48000 0.32495 3.07741 0.61528
50 0.49000 0.27406 3.64886 0.63066

_ _ _ _ _ _ L_ _ _ _ _ _ _ _ _ _ _
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factor decreases with acceleration as c*9 approaches 0.50

Figure 7-7 presents the "shrunk" discrimination parameters

obtained by multiplying the estimated discrimination parameter a* by
g

* the discrimination shrinkage factor which was obtained by using the

guessing parameter estimated by Logist 5 as c* for each item. They
g

are plotted against the theoretical a in the normal ogive model,
g

f or each item in Cases 1, 2, 3 and 4, in the 500 Subject Case.

Comparison of these results with the first graphs of Figures 4-1

through 4-4 reveals substantial improvement. Figure 7-8 presents

similar results in the 2,000 Subject Case. Improvement is even more

conspicuous in these results of Figure 7-8, when compared with the

first graphs of Figures 4-5 through 4-8. It is especially true for

* the set of forty-five items in Case 3.

The "reduced" difficulty parameters obtained by subtracting the

difficulty reduction index frtom the estimated difficulty parameter b*
g

for each item in Cases 1, 2, 3 and 4 are plotted against the true

difficulty parameter b in the normal ogive model, and presented as
g

:a Figure 7-9 in the 500 Subject Case, and as Figure 7-10 in the 2,000

Subject Case, respectively. Comparison of these results with those in

the first graphs of Figures 4-9 through 4-12 and those of Figures 4-13

through 4-16, respectively, clarifies substantial improvement in cases

3 and 4, in the results of the items whose difficulty parameters are

* in the interval (-Y, V) , in both 500 and 2,000 Subject Cases.

It is obvious that the above method of fitting the item

characteristic function in the three-parameter logistic model to the
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:.

one in the (two-parameter) logistic model is more or less arbitrary.

There are many other conceivable methods. If, for instance, we adopt the

least squares principle to minimize

(7.7) 2Q - J [P*(O) - Yg(M)]2 dO
fe

where e and e are the lower and upper endpoints of the interval of

for which the integral of the squared discrepancies between P*(M)
g

and '1 (e) is minimized, then we obtain

(7.8) I [P0()-Y ()](O )[1*(O )] d 0

and

~e
(7.) ;e )ge)'(e[-Ye] d9 9 0

g 9

iterative procedure based upon (7.8) and (7.9) by choosing an

appropriate interval (e,8) • The process is expected to be tedious,

however.

Another conceivable way is to find out P*(e) which equals

Y (0) at - b and also whose derivative with respect to

e equals that of 'V (9) at the same point of 6 . Thus we can

write

|i



-195-

P*(e) I g(e) - 1/2
g g

(7.10)

I P*(e) - 6(e Da /4
ae g 38 g g

for - b . Since we have
9

L". (7.11) 'y(bg) - (1-2c*)[2(1-c*)1-

we obtain from this, (7.2) and (7.10)

(7.12) a* - *(c*) a

and

(7.13) bg- bg + t*(c*lag)

where

(7.14) t*(c*) - (1-c*)/ 2(1-c*) > 1

and

(7.15) *(cla5 ) (Da (1-2c*)(1-c*) 1 -log(l-2c*) > 0
9 9 S

I .; . .. e ., , , . -. .., . ., , " €:, ., . ., ., . , .. , . .. .. . . ..
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Thus we can think of the reciprocal of (7.14) as a second

discrimination shrinkage factor and (7.15) as a second difficulty

reduction index. Figures 7-11 through 7-13 present the relationships '_

between c* and a*given by' (7.12) when ag M 1.00 ; between *
a9 -

and b* given by (7.13) when ag M 1. 00 and bg M 0. 00 ,which
9

equals the second difficulty reduction index multiplied by a8 ; and

between c* and the second discrimination shrinkage factor obtained

as the reciprocal of (7.14), respectively. We can see a substantial

difference between this second difficulty reduction index and the

first one, which is presented in Figure 7-5.

Figures 7-14 and 7-15 present the item characteristic functions

in the three-parameter logistic model obtained by using a* and b*
g g

for ag = 1.00 and b 9- 0.00, which are given by (7.12) and (7.13),-

f or the same two sets of c* used in Figures 7-2 and 7-3,

respectively, together with the corresponding item characteristic

functions in the normal ogive model and in the logistic model.

Comparison of the results in Figures 7-14 and 7-15 with those in

Figures 7-2 and 7-3 reveals that the fit of the item characteristic

functions in the three-parameter logistic model to those in the normal

ogive model and in the logistic model is not as good as before,

especially for the values of c* greater than, or equal to, 0.2

g

VIII. Estimated Individual Parameters

Figures 8-1 through 8-4 present the estimated individual

parameters plotted against the true individual parameters 6. in
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Cases 1, 2, 3 and 4, respectively, for the 500 Subject Case. Each of

these figures has two graphs, i.e., one for the results obtained by

assuming the three-parameter logistic model and the other f or those

obtained by assuming the (two-parameter) logistic model. In Figure

8-1, or in Case 1, those hypothetical examinees having either the all

zero response pattern or the all unity response pattern were excluded,

since their ability estimates are either negative or positive infinity

and cannot be plotted. In each graph, a solid line diverging the

abscissa with the angle of 45 degrees and passing (0,0) is drawn,

indicating the asymptotic unbiasedness of estimation. In addition to

this line, the sample linear regression of the estimated individual

parameter on the true ability, or the best fitted line based upon the

least squares principle, is also presented by dots. It is recalled

that in the result of Logist 5 the scale of 0 is adjusted in such a

way that the sample mean of the estimated individual parameters is set

equal to the origin, and the sample standard deviation is used as the

unit.* This was done including all the 500 hypothetical examinees in

Cases 2, 3 and 4, respectively. A substantial number of examinees

were excluded in each of the two situations of Case 1, however, in the

process of this standardization of 8 because of their extremely

* . deviated values of ability estimates. When the logistic model is

assumed, those deviated ability estimates are either negative or

positive infinity caused by the all zero or the all unity response

pattern. When the three-parameter logistic model is assumed, however,

those individuals clustered at the lower left of the first graph of
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Figure 8-1 were also excluded in addition to those obtaining either

negative or positive infinity as their ability estimate. In

obtaining the linear regression in Case 1, this same subset of

*examinees included in the rescaling of 8 was solely used in each

situation. They number 400 when the three-parameter logistic model is

assumed, and 453 when the logistic model is assumed. The correlation

coefficients between the estimated and true individual parameters for

those subsets of examinees turned out to be approximately 0.9249 and

0.9425 in those two situations, respectively, and the mean and the

standard deviation of the true individual parameters are approximately

0.0709 and 0.8511 in the former and -0.0985 and 0.9295 in the

latter. Thus in Case 1 the sample linear regression of the estimated

individual parameter on the tzue individual parameter is approximately

1.08538 - 0.0769 when the three-parameter logistic model is assumed,

and 1.01298 + 0.0998 when the logistic model is assumed. In Cases

2, 3 and 4, since both Logist 5 scale and the true 8 scale are

standardized with respect to the same ability distribution, the sample

linear regression equals the true ability 8 multiplied by the sample

correlation coefficient between the estimated and the true individual

parameters. These correlation coefficients turned out to be 0.9790

and 0.9812 in Case 2, 0.9814 and 0.9849 in Case 3, and 0.9892

and 0.9898 in Case 4, respectively, in the two separate situations

in each case. We can see in Figures 8-1 through 8-4 that, except for

the first situation in Case 1, the linear regressions which are shown

by dots in these graphs, are very close to the corresponding solid lines,

-~ U-.
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which diverge the abscissa with the angle of 45 degrees and passing

(0,0). This implies that, if we use a linear transformation as an

approximation to the transformation of the ability scale obtained as

the result of Logist 5 in Cases 2, 3 and 4, the reduction in the unit

will be, at most, 2 percent, in vfiw of the asymptotic conditional

unbiasedness of the maximum likelihood estimate. These results

justify the direct comparison of the estimated item parameters with

* the theoretical ones in Cases 2, 3 and 4, which was made in the

preceding three sections. They also explain, partly, some disastrous

results of the item parameter estimation in Case 1, which were

observed in those previous sections.

The corresponding results f or the 2,000 Subject Case are

presented as Figures 8-5 through 8-8. Again in Case. 1 a substantial

number of examinees were excluded in the process of rescaling 0 and

they were also excluded in obtaining the linear regression of the

ability estimate on the true ability in each of the two situations.

Those who were included number 1,762 when the three-parameter

logistic model is assumed and 1,815 when the logistic model is

assumed. The two correlation coefficients between the estimated

individual parameters and the true individual parameters in the two

situations are 0.9155 and 0.9447 , respectively, and the linear

regression is given by 1.0020$ + 0.0441 in the former situation and

1.01286 + 0.0869 in the latter. In Cases 2, 3 and 4, those pairs of

correlation coefficients are 0.9801 and 0.9809 ,0.9843 and

0.9854 ,and 0.9904 and 0.9907 ,respectively, and they are also
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the coefficients of the linear regressions which have uniformly zero

as their intercepts in the six separate situations. Again, except for

the first situation of Case 1, these linear regressions are almost

pindistinguishable from the line diverging the abscissa with the angle

of 45 degrees and passing (0,0). As was expected, these results are

very similar to those obtained in the 500 Subject Case.

IX. Discussion and Conclusions

Three--parameter logistic model was assumed for the item

characteristic functions of the hypothetical test items upon which

data were simulated, although they actually follow the normal ogive

model, and Logist 5 was used upon simulated data for estimating the

* three item parameters of each-item as well as the individual

parameters. In so doing, four different cases, each of which has a

different number of test items, and two hypothetical subject groups of

different numbers of individuals were adopted. For the sake of

comparison, the whole procedure was repeated by assuming the (two-

parameter) logistic model by setting cg 0.0 in using Logist 5.

It was discovered that the estimated discrimination parameters

thus obtained were generally inflated, even if they were adjusted by

the discrimination shrinkage factor, which is proposed in the present

paper. This inflation of the estimated discrimination parameters

obtained by Logist 5 was also observed when there should be no

inflation, i.e., when the logistic model was assumed. It was also

discovered that the estimated difficulty parameters were also

~..q .
4

. . -.- ~ - - . - -- -- -.
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enhanced, but not to the extent the estimated discriminationj

parameters were. The difficulty reduction index, which was also

proposed in the present paper, eliminated those discrepancies well.

Some resulting estimated item characteristic functions are

disastrously different from the theoretical item characteristic

- . functions, especially in Case 1 where only ten binary test items were

included. This seems largely due to the fact that in Logist 5, in

* . estimating the item parameters, the estimated individual parameter,

which is based upon the maximum likelihood estimation, is treated as

if it were the true individual parameter, and its large error of

ability estimation caused by the small number of items affects the

item parameter estimation, especially near the endpoints of the

Interval of a for which our subjects' ability distributes. Thus the

estimated item characteristic functions of very easy test items become

disastrously different from the true item characteristic functions.

Since there is no functional relationship between e and its maximum

likelihood estimate §,there is no simple way to correct these

biases. We must keep in mind that in using Logist 5, or any other

program based upon the same principle, the number of test items must

be substantially large, and the items whose parameters are to be

K.. estimated must be of intermediate difficulty relative to the ability

distribution. It appears that forty-five is not a large enough number

S of items to be included, and that we need at least some number in the

~1 ~ vicinity of eighty, in order to make a good use of Logist 5.

Otherwise, we will obtain false "tails" caused by large values of the
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estimated guessing parameters, which are supposed to be zero. The

fact that the estimated discrimination parameters tend to be inflated,

even when we set the guessing parameter equal to zero, appears to be

still mystifying. If we consider the problem in scale adjustment

discussed in Section 3, however, we notice that these results imply

I.-, some important information. Since in the results of Logist 5 the mean

and the standard deviation of the maximum likelihood estimate of

ability, instead of those of ability themselves, are used as the

origin and the unit of 0 , respectively, those inflated estimates of

a indicate that the standard deviation of the maximum likelihood
g

estimate may actually be larger than that of ability, in each of the

sixteen different situations. This will be observed further and

discussed later in a separate paper.

We find no substantial differences between the results of 500F:-
Subject Case and 2,000 Subject Case. This indicates that increasing

the number of subjects from 500 to 2,000 does not provide us with a

substantial gain.

The results of the present research imply the warning that it

is dangerous to assume three-parameter logistic model when we have no

evidence for its validity, especially when the items are relatively

easy in comparison with the ability distritution. It may provide us

with large "tails" in the estimated item characteristic functions,

when actually they do not exist.

h.
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